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Overview

If we look at the map showing contours along
the Hudson River in New York, we will notice
that the tributary streams flow perpendicular to
the contours. The streams are following paths
of steepest descent so the waters reach the Hud-
son as quickly as possible. Therefore, the fastest
instantaneous rate of change in a stream’s ele-
vation above sea level has a particular direction.
In this lecture, we will see why this direction,
called the downhill direction, is perpendicular to
the contours.

The figure shows contours along the Hudson
River in New York show streams, which follow

paths of steepest descent, running perpendicular

to the contours.
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(a, b, f(a, b)).

Directional Derivatives in the Plane
Let z = f(x, y) be the surface shown and assume the hiker is at the point
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Directional Derivatives in the Plane

The hiker would like to travel on the surface in the direction of unit vector

u = ugi+ uoj.
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Directional Derivatives in the Plane
Let s be the horizontal distance traveled.
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Directional Derivatives in the Plane

he change in elevation with respect to horizontal distance traveled is
—f(a+su Sup).
s 1, 2

By chain rule, we get
(%)u,(a,b) - <%>(a,b)% + <g_;>(a,b)%
of of
- <a)(a,b)'uzl + (@)(a,b)'u2

= G (5 gL+ e
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Directional Derivatives in the Plane

(e = [Gewi* (G i+ o]

gives the rate of change of elevation as the hiker travels in the direction of
u at the moment the hiker is at location (a, b, f(a, b)).
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Directional Derivatives in the Plane

Recall that if z = f(x,y), then the partial derivatives f, and f, are defined
as

. f(x —+ h, — f(x ,
(30, 0) = fim (o0 yol)7 (%0, Y0)
. fX07y0+h _fXO7_y0
f,(x0, y0) = llvlno ( 1)7 ( )

and represent the rates of change of z in the x- and y-directions, that is,
in the directions of the unit vectors i and j.

Suppose that we now wish to find the rate of change of z at (xp, yo) in the
direction of an arbitrary unit vector u = u1i + upj. To do this we consider
the surface S with equation z = f(x, y) (the graph of f) and we let

2o = f(x0, ¥0)-
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Directional Derivatives in the Plane

Then the point P(xo, yo, 20) lies on S. The vertical plane that passes
through P in the direction of u intersects S in a curve C.

The slope of the tangent line T to C at the point P is the rate of change
of z in the direction of u.

_ Plxy. .zl

P. Sam Johnson Directional Derivatives in the Plane



Directional Derivatives in the Plane

We know that if f(x, y) is differentiable, then the rate at which f changes
with respect to t along a differentiable curve x = g(t),y = h(t) is
of _ofde o dy
dt  Oxdt Oydt’
At any point
Po(x0, y0) = Po(g(to). h(to)),

this equation gives the rate of change of f with respect to increasing t and
therefore depends, among other things, on the direction of motion along
the curve.
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Directional Derivatives in the Plane

If the curve is a straight line and t is the arc length parameter along the
line measured from Py in the direction of a given unit vector u, then

df /dt

is the rate of change of f with respect to distance in its domain in the
direction of u.

By varying u, we find the rates at which f changes with respect to
distance as we move through Py in different directions.

Suppose that the function f(x, y) is defined throughout a region R in the
xy-plane, that Py(xo, y0) is a point in R, and that

u= i+ uj

iS a unit vector.
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Directional Derivatives in the Plane

Then the equations

X=Xxp+sui, y=yo+su

parameterize the line through Py parallel to u. If the parameter s
measures arc length from Py in the direction of u, we find the rate of
change of f at Py in the direction of u by calculating df /ds at Py.

¥

Line x = xg + sy, ¥ = yg + sug
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Directional Derivatives in the Plane

Definition 1.

The derivative of f at Py(xp, yo) in the direction of the unit vector
u= ui+ upj is the number

df f _f
(_) _ i 00 st yo + su2) — Fx0, yo) (1)
ds u,Py

s—0 S

provided the limit exists.

The directional derivative is also denoted by (Dyf)p,.

The partial derivatives £(xo, yo) and f,(xo, yo) are the directional
derivatives of f at Py in the i and j directions. This observation can be
seen by comparing Equation (1) to the definitions of the two partial
derivatives.
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Directional Derivatives in the Plane

Using the definition, find the derivative of

f(x,y) = x>+ xy

at Po(1,2) in the direction of the unit vector u = (1/v/2)i + (1/v/2)j.
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Applying the definition in Equation (1), we obtain

(#) . f(x0 + su1, yo + su2) — f(xo, Yo)
— = lim
ds s—0 S

2
s s s 2
- (1+35) +(1+35) 2+35) -2 +1-2)
s—0 S
s? 3s s
ﬂm0+f+ﬂ+@+%+7_3
s—0 S
5s 2
% +s
= lim Y2 = lim <i+s):i.
s—0 S s—0 \/§ \/i
the rate of change of f(x,y) = x? + xy at Pp(1,2) in the direction u is

5/v/2.

P. Sam Johnson Directional Derivatives in the Plane 15/73



Interpretation of the Directional Derivative

The equation z = f(x, y) represents a surface S in space. If

Z0 = f(XO’yO)a
then the point Py(xo, yo,20) lies on S.

The vertical plane that passes through P and Py(xo, yo) parallel to u
intersects S in a curve C. The rate of change of f in the direction of u is
the slope of the tangent to C at P in the right-handed system formed by
the vectors u and k.

z

Susface 5: lf(fo + suy, yo + sug) — filxg vo)
|

z=flxy)

\

Pylxg, ¥g) w =i+ uzj
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Interpretation of the Directional Derivative

When u = i, the directional derivative at Py is Of /Ox evaluated at
(x0, ¥0). When u = j, the directional derivative at Py is 9f /0y evaluated
at (xo, ¥0)-

The directional derivative generalizes the two partial derivatives. We can
now ask for the rate of change of f in any direction u, not just the
directions i and j.

Here's a physical interpretation of the directional derivative. Suppose that
T =1(x,y)

is the temperature at each point (x,y) over a region in the plane.

Then f(xo, ¥0) is the temperature at the point Py(xo, o) and (Dyf)p, is
the instantaneous rate of change of the temperature at Py stepping off in
the direction u.
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Calculation and Gradients

We now develop an efficient formula to calculate the directional derivative
for a differentiable function f. We begin with the line

X =Xo+sui, Yy =Yoo+ su

through Py(x0, o), parameterized with the arc length parameter s
increasing in the direction of the unit vector u = uyi + upj. Then

(e = (s ™ (5)nie
of of
= (5)%“ * (@)H,"Q
(50 i (5) [ + ]
The above equation says that the derivative of a differentiable function f

in the direction of u at Py is the dot product of u with the special vector
called the gradient of f at Py.
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Calculation and Gradients

The gradient vector (gradient) of f(x,y) at a point Py(xo, yo) is the vector

obtained by evaluating the partial derivatives of f at Py.

The notation Vf is read “grad " as well as “gradient of " and “del f."
The symbol V itself is read “del.” Another notation for the gradient is
grad f, read the say it is written.
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The Directional Derivative Is a Dot Product

Theorem 4.

If f(x,y) is differentiable in an open region containing Po(xo, yo), then the
derivative of f in the direction of u at Py is the dot product of u with the
gradient of f at Py:

Example 5.

| A\

Find the derivative of f(x,y) = xe¥ + cos(xy) at the point (2,0) in the
direction of v = 3i — 4j.
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The direction of v is the unit vector obtained by dividing v by its length:

v 3. 4.
U= — =

v
- =—i—-j.
v 5 5 &5

The partial derivatives of f are everywhere continuous and at (2,0) are
given by

7(2,0) = (&' — ysm(xy))( =e?-0=1
£,(2,0) = (x¢” — xsin(xy))2,0) = 2¢°-2.0=2.

The gradient of f at (2,0) is
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Solution (contd...)

The derivative of f at (2,0) in the direction of v is therefore
(Duf)l2,0) = Vfl(2,0) - u

3. 4 3 8
= (i 2'. 1 — :___:_1'
(i+2j) (5. 51) s

Vi=1+1j

| 1 1 X

0 lfunz,rﬁ\-*
— 3y _dy—
u=35i-3
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The Directional Derivative Is a Dot Product

Evaluating the dot product in the formula
Dyf = (Vf).u =|Vf| |u| cosd = |Vf| cosb,

where 6 is the angle between the vectors u and Vf, reveals the following
properties.
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Properties of the Directional Derivative

1. The function f increases most rapidly when cos@ = 1 or when u is
the direction of Vf. That is, at each point P in its domain, f
increases most rapidly in the direction of the gradient Vf at P. The
derivative in this direction is

Dyf = |Vf| cos(0) = |Vf].

2. Similarly, f decreases most rapidly in the direction of —Vf. The
derivative in this direction is

Dyf = |Vf| cos(m) = —|Vf].

3. Any direction u orthogonal to a gradient Vf # 0 is a direction of zero
change in f because 6 then equals 7/2 and

Dyf = |Vf| cos(m/2) = |Vf].0 =0.
The above properties hold in three dimensions as well as two.
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Directional Derivative - An Example

Example 6.

X2 2
Find the directions in which f(x,y) = 5 + 5
(a) increases most rapidly at the point (1,1).

(b) decreases most rapidly at (1,1).

(c) What are the directions of zero change in f at (1,1)?
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Directional Derivative - An Example

z=fix. ¥
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(a) The function increases most rapidly in the direction of Vf at (1,1).
The gradient there is

(VA = (xi+yi)ay =i+i.
Its direction is
R |+J
il V@) f f

(b) The function decreases most rapldly in the direction of —Vf at (1,1),

which is
_ .1
—u = —%I — %J
(c) The directions of zero change at (1,1) are the directions orthogonal to
Vt:
1, 1, 1. 1.
n:—ﬁl—l-ﬁj and —I’IZEI—EJ.
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Directional Derivative - An Example

Example 7.

The directional derivative of

at (3,2) in the direction of

is about 2.47 (Verify !)

Moving in the direction of u = \/iii + %j the rate of change is about 2.5
units UP for every unit along u.
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Directional Derivative - An Example

Example 8.

The directional derivative of

x4+ y?
f —
at (3,2) in the direction of
e L 2

is about —0.98 (Verify !)

Moving in the direction of u = %i — ‘/7§j the rate of change is about 1 unit
DOWN for every unit along u.

v
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Example 9.

The directional derivative of f(x,y) = x> — 3xy + 4y? in the direction of
the unit vector u given by angle 6 = /6 is

13-3V3
=

Moving in the direction of u, the rate
of change is about % units UP
for every unit along u.

P. Sam Johnson Directional Derivatives in the Plane 30/73



Gradients and Tangents to Level Curves

If a differentiable function f(x,y) has a constant value ¢ along a smooth
curve r = g(t)i + h(t)j (making the curve a level curve of f), then
f(g(t), h(t)) = c. Differentiating both sides of this equation with respect
to t leads to the equation

i m) = (o)
(5 50 (i + ) = 0
w% _ 2)

Equation (2) says that Vf is normal to the tangent vector , SO it is
normal to the curve.
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Gradients and Tangents to Level Curves

At every point (X, yo) in the domain of a differentiable function f(x,y),
the gradient of f is normal to the level curve through (xo, yo)-

The level curve fix, ¥) = flxg, ya)

i
Wi, vo)
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Gradients and Tangents to Level Curves

Equation (2) validates our observation that streams flow perpendicular to
the contours in topographical maps.

Z- XA

Since the downflowing stream will reach its destination in the fastest way,
it must flow in the direction of the negative gradient vectors from Property
2 for the directional derivative. Equation (2) tells us these directions are
perpendicular to the level curves.

P. Sam Johnson Directional Derivatives in the Plane 33/73



Tangent Lines to Level Curves

The observation also enables us to find equations for tangent lines to level
curves. Tangent lines to level curves are the lines normal to the gradients.

The line through a point Py(xo, yp) normal to a vector
N = Ai + Bj

has the equation
A(x —x0) + B(y — y0) = 0.
If N is the gradient

(Vf)(Xo,yo) = fX(XanO)i + 6/(X07.y0)j7

the equation is the tangent line given by

f(x0, ¥0)(x — x0) + £, (x0, Y0)(y¥ — y0) = 0.
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Tangent Lines to Level Curves

We can find the tangent to the ellipse (x%/4) + y? = 2 by treating the
ellipse as a level curve of the function f(x,y) = (x2/4) + y.

Example 10.

Find an equation for the tangent to the ellipse sz + y? =2 at the point
(—2,1).

e

VA2, 1= —i + 2j x-2y=—4
.
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The ellipse is a level curve of the function

f(Xv.y) = I"{'y .

The gradient of f at (-2,1) is

X, . . .
Vifl—21) = (§| + 2yj)(72 N =—i+2j.

The tangent is the line

(Dx+2)+()(y—-1)=0
X — 2y = —4.
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Tangent Planes to Level Surfaces

If VF(x0,Y0,20) # 0, it is therefore natural to define the tangent plane
to the level surface F(x,y,z) = k at P(xo, Yo, 20) as the plane that
passes through P and has normal vector V F(xo, o, 20)-

Using the standard equation of a plane, we can write the equation of this
tangent plane as

f(x0, ¥0, 20)(x — x0) + f,(x0, Y0, 20)(y — Y0) + f2(X0, ¥0, 20)(z — 20) = 0.

VF (X0, ¥or20)
tangent plane

-t
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Algebra Rules for Gradients

If we know the gradients of two functions f and g, we automatically know
the gradients of their constant multiples, sum, difference, product and
quotient.

Notice that these rules have the same form as the corresponding rules for
derivatives of single-variable functions.

Constant Multiple Rule : V(kf) = kVf  (any number k)
Sum Rule : V(f +g)=Vf+ Vg

Difference Rule : V(f — g) = Vf — Vg

Product Rule : V(fg) = fVg + gVf

Quotient Rule : V(g) = gv;#_

A e
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Algebra Rules for Gradients

We illustrate two of the rules with

flxy)=x—y g(x,y) =3y
Vf=i—]j Vg =3j.

We have
1. V(f—g)=V(x—4y)=i—4=Vf—-Vg Rule2

2. V(fg) = V(3xy — 3y?) = 3yi + (3x — 6y)j
=3y(i—j) +3yj+ (3x — 6y)i
=3y(i —j) + (3x = 3y)j
=3y(i—j)+ (x—y)3j=gVF+fVg.
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Functions of Three Variables

For a differentiable function f(x,y, z) and a unit vector
u = uii + unj + usk in space, we have
of ., of ., Of

and
of of of
Duf = (Vf)u = aUl + 8_}/“2 + EU}

The directional derivative can once again be written in the form
Dyf = Vf.u=|Vf| cosb,

so the properties listed earlier for functions of two variables continue to
hold. At any given point, f increases most rapidly in the direction of Vf
and decreases most rapidly in the direction of —Vf. In any direction
orthogonal to V£, the derivative is zero.
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(a) Find the derivative of f(x,y,z) = x3 — xy? — z at Py(1,1,0) in the
direction of v = 2i — 3j + 6k.

(b) In what directions does f change most rapidly at Py, and what are
the rates of change in these directions?
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(a) The direction of v is obtained by dividing v by its length:

v = /(22 + (=32 + (6)2 = VA9 =7

v 2. 3'+6k
u=—=Zi— Zj+ -k
v o7 7T

The partial derivatives of f at Py are
=032 —-y)110 =2 f=-2110=-2 Ff=-1g1=-1

The gradient of f at Py is Vf|(1,170) = 2i — 2j — k. The derivative of f at Py in the
direction of v is therefore

. . 2, 3. 6
(Duf)1,1,0) = Vfla,1,0)-u=(2i —2j — k) - (?' -t ;k>
L6 6_4
7 7 7

IR

(b) The function increases most rapidly in the direction of Vf = 2i — 2j — k and decreases
most rapidly in the direction of —Vf. The rates of change in the directions are,
respectively,

9F = /@2 + (27 + (-1? =v8=3 and —|VF|=-3.
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Exercises

Find the gradient of the function at the given point. Then sketch the
gradient together with the level curve that passes through the point.
1. g(Xay):Xy27 (27_1)
2. f(Xay): V2X+3y7 (_172)
— tan-1 ¥X —
3. f(x,y) =tan R (4,-2)
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Solution for the Exercise 13

LE=y=¥0Q-1)=L¥=22y=¥Q2-1)=-4=>vg=
i—4j,8(2,-1)=2=x= y7 is the level curve.
of 1 of _1.6f _ 3 3.
2. &—miﬁ(_l’z)—ivay PN ( 1,2)=3,=
vf = %i-l— %j; f(-1,2)=2=4=2x+3yis the level curve.
of of 1L.6f _ X of _
3 = apamen = b D=1y = s =~ 5y (B2 =
— 1= Vf=—fi—4jif(4,-2)=—-% =y =—x s the level
curve.

Vf=-ki-4i
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Exercises

Find Vf at the given point.
1. f(x,y,z) =223 = 3(x®> + y?)z+tan"1xz, (1,1,1)
2. f(x,y,2) = (P4 y? 4+ 22)" V2 4 In(xyz), (-1,2,-2)
3. f(x,y,z) = et cosz+ (y+1)sin"tx, (0,0,7/6)
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Solution for the Exercise 14

1.%——6xz+TXZ+1:»”(111) —Bg = -6z =8 (11,1) =
6,20 =622~ 302 +y°) + iy = L(L,1,1) = & thus vf =
~Li—6j+ Lk
of __ 1 of _ _26.0f _

2 &——m+‘:>a(—l 2,-2)=-55, =

__ 23.6f _ 1

;f(xz+y2y+zz)3/2 +23;‘ fy(-12.-2) = 410 —23_m+2 =
55(=1,2,-2) = &; thus Vf = 2+ &) — a2k

3.8 = e cosz+ AL = 9£(0,0,7) = ‘[—i—l

©o0x V1-x2 ' 6 'tSy
et cosz +sin"1x = 5f(0 0,%5) = ‘2[ g; —e*Ysinz =

%(0707%)=_%, thus Vf—(\[—i_z)/ _j_—k

P. Sam Johnson Directional Derivatives in the Plane 46 /73



1. What is the derivative of a function f(x,y) at a point Py in the
direction of a unit vector u ? What rate does it describe? What
geometric interpretation does it have? Give examples.

2. What is the gradient vector of a differentiable function f(x,y)? How
is it related to the function’s directional derivatives? State the
analogous results for functions of three independent variables.

3. How do you find the tangent line at a point on a level curve of a
differentiable function f(x,y)? Give an example.
4. Find the derivative of the function at Py in the direction of u.
(a) f(x,y) =2xy —3y?, Py(5,5), u=4i+3j
(b) h(x,y) =tan"Y(y/x) +V/3sin"*(xy/2), Po(1,1), u = 3i — 2j
(c) f(x,y,2z) =xy + yz+ zx, Po(1,—1,2), u = 3i + 6j — 2k
(d) g(x,y,z) =3e*cosyz, Py(0,0,0), u=2i+j— 2k
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(c)

(d)

(4.) in Exercise 15

U= = \}% = 3i+ 3jif(x,y) =2y = £(5,5) = 10; f,(x, y) = 2x — by =
£,(5,5) = —20 = Vf = 10i — 20j = (Duf)pu = Vf.u=10(3) — 20(3) = —4

A 3= _ 3 ;_ 2 ) (BVE _

U= = R = v vl oY) = g T hx(1,1) =

Sihy(x,y) = )2+1 5X2y2 =hy(1,1)=3 = vh=3}i+ 3j= (Duh)p, = Vhu =
4

3 _ 6 _ 3

W 2V 2B

“:ﬁ:%:%*%*gk'f(xy,2)=y+2=>fx(1,71,2)=

1 f(x,y,z) =x+z=1(1,-1,2) =3, f(x,y,z) =y + x = £(1,-1,2) = 0= Vf =
i+ 3j = (Duf )pO—VfU—§+ =3

wm = B3 d Bag(xy,7) = 3 cosyz = (0,0,0) =
3;g/(x,y,z) = —3ze*sinyz = g,(0,0,0) = 0; gz(x, y, z) = —3ye*sinyz = g,(0,0,0) =
0= Vg =3i= (Dug)p, = Vg.u=2
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Exercise 16.

Find the directions in which the functions increase and decrease most
rapidly at Py. Then find the derivatives of the functions in these
directions.

(a) f(x,y) =x>+xy +y? Po(—1,1)

(b) f(x,y,z) =Inxy +Inyz+Inxz, Py(1,1,1)

P. Sam Johnson Directional Derivatives in the Plane
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Solution for the Exercise 16

() VF=(2x+y)i+ (x+2y)j = V(-1,1) = —i +j = u= 2 =

el S N U W A N S
C2+ ok + Nelk f increases most rapidly in the direction

u= —%i + \/iij and decreases most rapidly in the direction —u =

i — 25j: (Duf)py = VF.u= 9] = V2 and (D-uf)p = —V2.

(b) VE=(+ )i+ + 3+ + k= VF(L,11)=
2i42j+2k=u= |§—§| = %wr %H %k; f increases most rapidly
in the direction u = \/igi + \%j + \/igk and decreases most rapidly in
the direction —u = —%i - %j - \/igk; (Dyf)py = VF.u=|Vf| =
2V/3 and (D—_,f)p = —2V/3.
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Exercises

Sketch the curve f(x,y) = c together with Vf and the tangent line at the
given point. Then write an equation for the tangent line.

1. xy=—4, (2,-2)
2. x> —xy+y2=17, (-L1,2)
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Solution for the Exercise 17

1.

Vf =yi+xj = Vf(2,-2) = —2i + 2j = Tangent line :
2(x—-2)+2(y+2)=0=y=x—4

Vf = (2x — y)i + 2y — x)j = VF(~1,2) = —4i + 5] =
Tangent line: —4(x +1)+5(y —2) =0= —4x+5y — 14 =0.
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Exercises

Exercise18.

1. Let f(x,y) = x> — xy + y? — y. Find the directions u and the values
of D,f(1,—1) for which
(a) Dyf(1,-1) is largest
(b) Dyf(1,-1) is smallest
(c) Duf(1,~1) =
(4) Dyf(L,~1) =
(e) Duf(1,—1
2. Let f(x,y) = E;rig Find the directions u and the values of
Duf(—%, %) for which
(a) Duf(—12,3) is largest
(b) Duf(—i, 3) is smallest
() Duf(-5.3) =0
() Duf(-5.§) = -2
(e) Duf(_ﬁﬂi):]' )

P. Sam Johnson
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Solution for (1.) in Exercise 18

VF=02x—y)i+ (—x+2y —1)j

(a)
(b)

(c)
(d)

(e)

Vf(1l,—-1) =3i —4j = |Vf(1,—1)| = 5 = Du,f(1,—1) = 5in the direction of u = *I — *_/
—vf(1l,-1) = =3i+4j = |Vf(1,-1)| = 5= D,f(1,—1) = —5 in the direction of u =
—2i+3)

D,f(1,—1) = 0 in the direction of u = %i—l— %_] or u= —51 — —J

Let u= i+ wj= |ul=+/td + 13 =1= v?+u3 =1;D,f(1,-1) = Vf(l,—1) - u=
(3i—4j)-(u1i+ul/'):3u1—4u2:4:>u2: %ul—l:u%—l—(%ul—l)z:l:

25 3, _ _ _ 24, _ _ _ _ 24 _
16u1—§u1 240:>U]_—00rUl—E,U1—0:>U2——1:>U——_],Oru1—T5=>U2—
—:>U—El 25_/

Let u=wi+uwj=|u=/v?+ui=1= 12+ u3=1;D,(1,-1)=vF(l,-1) - u=
(3i—4j)'(U1i+U2j):3lJ1—4IJ2_—3:>U1:%U2—1:>(%U2—1)2+U§:1:>
295u2—%uz—0:>U2700ruz gg;u2:0:>l.l1:—1:>U:—i, oruz:%:w:

35 U= g5+ 58]
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Solution for (2.) in Exercise 18

(b)

(b)
(c)

VF(—3,3)=3i+j=|vf(—3,2)| = V10 = Du,f(—3%,3) = V10 in the direction of
3 1 -
—1

u= m'-‘r i)

—vf(—3,3)=-3i—j=|vf(-1%,3)| = V10 = D.f(1,—1) = —V10 in the direction of
u=— i i

Duf(—z7 %) 0 in the direction of u = ﬁi— %j or u= —%i—i— %j

Let u=ui+wfj=|ul=y/t?+u3=1= 2+ u3=1; Duf(—§,2):Vf(—%,% cu=
Bi+j) (ni+uwj)=3u+w=-"2=w=-3u-2=u2+(-3u-2>2=1=
1002 +12u1 + 3 = Oﬁul—#o\/éul:%:}u =226 oy =
—6+\f,+ —2— 3\f 6 f 2+3f —6— f,+ —2+3f

J, or up =

= u

= u=

Let u=uwi+wj=>|u=/tP+u3=1= u}+u3=1D,f ——,%):Vf —%,§)~u:
(3i4J))- (u11+u2/)—33u1+u2—1:>u2—1 3u1:>u1 (1 3u1)? = 1:>10u%—6u1:

O=u;=0o0r uy = U 1=0=>w=1=u=j, or g = g:>U2—
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Exercises

1. Zero directional derivative : In what direction is the derivative of
f(x,y) = xy + y? at P(3,2) equal to zero?

2. Zero directional derivative : Is there a direction u in which the rate
of change of f(x,y) = x> — 3xy + 4y? at P(1,2) equals 147 Give
reasons for your answer.
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Solution for the Exercise 19

1. Vf=yi+ (x+2y)j = Vf(3,2) =2i + 7j; a vector orthogonal to

. 7 v _Ti=2j —
Vfisv=7Ti 2J:U— v m \/5—3 \/ﬁ_/and u=

T 42 ivative i
Nkl + 53/ are the dlrect|ons where the derivative is zero.

2. VF=(2x—3y)i + (—3x +8y)j = VF(1,2) = —4i + 13] =

|VF(1,2)] = /(—4)? 4+ (13)? = V/185; no, the maximum rate of
change is v/185 < 14,
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Exercises

1. Changing temperature along a circle : [s there a direction u in which
the rate of change of the temperature function T(x,y,z) =2xy — yz
(temperature in degrees Celsius, distance in feet) at P(1,—1,1) is —3
deg.Cel/ft ? Give reasons for your answer.

2. The derivative of f(x,y, z) at a point P is greatest in the direction of
v =i+ ] — k. In this direction, the value of the derivative is 2+/3.

(a) What is x/7f at P 7 Give reasons for your answer.
(b) What is the derivative of f at P in the direction of i +j ?
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Solution for the Exercise 20

1. VT =2yi+(2x—2)j —yk = vT(1,-1,1) = —2i + j + k =

VT (1,-1,1)] = v/(=2)2 + 12+ 12 = /6; no, the minimum rate of
change is —v/6 > —3

2. (a) (Duf)p=2V3=|VF| =2v3iupy = ﬁ =
\%i—i—\%j—\%k; thusu:%zvf:Wﬂuivf:
2\/3(%i+¢i§j—¢i§k);_2i+2j—2k

it = (Dyf)p, = Vf.u=

(b) v=itj=u== 12+12:\/L§i+x/L§j
(L) + 2 L) = 20) = 212
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Exercises

1. Directional derivatives and scalar components : How is the derivative
of a differentiable function f(x,y,z) at a point Py in the direction of
a unit vector u related to the scalar component of (Vf)p, in the
direction of u? Give reasons for your answer.

2. Directional derivatives and partial derivatives : Assuming that the
necessary derivatives of f(x,y, z) are defined, how are Dif, D;f, and
Dyf related to fy, f,, and f,? Give reasons for your answer.
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Solution for the Exercise 21

1. The directional derivative is the scalar component. With V£ in the
direction of v is Vf.u = (Dyf)p,-

2. Dif =vf.i=(fi+f,j+ k) i="*f;similarly, D;f =Vf.j=f,
and Dyf =vf-k=1,
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Exercises

1. Lines in the xy-plane : Show that A(x — xo) + B(y — yo) =0 is an
equation for the line in the xy-plane through the point (xo, yo) normal
to the vector N = Ai + Bj.

2. The algebra rules for gradients : Given a constant k and the

gradients
of . o0f. Of og. Og. Og
Vf=—i+—j+—k, Vg=—=i+_—=j+=—k,
8x|+0yJ+8z . 8x|+8yJ+8z
establish the algebra rules for gradients.
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Proof for (1.) in Exercise 22

1. If (x,y) is a point on the line, then T(x,y) = (x — x0)i + (¥ — y0)j is
a vector parallel to the line
=T -N=0= A(x —x0) + B(y — vo) =0, as claimed.
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Proof for (2.) in Exercise 22

(a)
(b)

(c)
(d)

(e)

V(kf) = S50 2G04 D ke = k()i + k(50 + k(5D k = k(3Li+ §5j+ §EK) = kf
V() = ‘“”g’wr ‘”"”)J+ 25l = (8 + 58)i+ (55 + 30 + (55 + §8)k =
Sip it S %y S k= (SLit St Sh)+ (S0 + Ej+ 38 k) = vi+ Vg
V(f — g) = Vf — Vg(Substite —g for in part (b) above)
v(fg) = @),+5(fg)1+5(fg)k ( g+6gf) (%g+%f)j+<5g+5gf)
(3) 1+ (30) i+ (8) 1+ (357) s + (32a) v (387) k=

d, ) of —
f(g,+ ik)+g(6xl+5y1+ k)_ng+gvf

st Fi s g Sf og 5f_ g

v(h) =50+ f,y) + f;g)k—(ig‘” zf*)ﬂr(g‘” “Y>J+(g 2f62>k:

g &
s, s,
(g5X:+g5yj+g5fk) (f SEitf gj+ (Tg )
¥ _
&

Sf ég og i
ax’+g5yf+g k £ seitf S M5t sk gvf  fug _ gvf—fug
g 22 - g =%z — 2 = 2 .
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Exercises

1. Find the directions in which the functions increase and decrease most
rapidly at Py. Then find the derivatives of the functions in these
directions. Also find the dertivative of f at Py in the direction of the
vector v.

(a) f(x,y)= X2ei2y) Po(1,0), v=i+]j
(b) f(x,y,z) =In(2x + 3y + 6z), Po(—1,—-1,1), v = 2i + 3j + 6k

2. What is the largest value that the directional derivative of
f(x,y,z) = xyz can have at the point (1,1,1)?
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Exercises

1. The temperature of a point in space is given by
T(x,y,z) = x*> + y?> — z. A mosquito located at (1,1,2) desires to
fly in such a direction that it will get warm as soon as possible. In
what direction should it move?

2. Prove the following :
(@) wr" = nr""?r
(b) vi=%
(c) vinlr| = 5% wherer = xi+ yj+ zk,
3. Find the directional derivative of f(x,y,z) = x*> — y? + 2z at the
point P(1,2,3) in the direction of the line PQ where Q is the point
(5,0,4). Also, calculate the magnitude of the maximum directional
derivative. )

r| = r and n is an integer.
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Weather Map

Sam Johnson

o

0 50 13D 150 XD
(Distance i miles)

The weather map in the Figure shows a contour
map of the temperature function T(x,y) for the
states of California and Nevada at 3 : 00 PM on a
day in October. The level curves, or isothermals,
join locations with the same temperature.

The partial derivative Ty at a location such as
Reno is the rate of change of temperature with
respect to distance if we travel east from Reno;
Ty, is the rate of change of temperature if we
travel north. But what if we want to know the
rate of change of temperature when we travel
southeast (toward Las Vegas), or in some other
direction?

Directional derivative enables us to find the rate
of change of a function of two or more variables

in any direction.

Directional Derivatives in the Plane
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Use the weather map in the above figure to estimate the value of the
directional derivative of the temperature function at Reno in the
southeasterly direction.

Solution :

The unit vector directed toward the
southeast is u = (i —j)/V/2, but we
won't need to use this expression.

We start by drawing a line through
Reno toward the south-east.

0 50 100 150 200 « Los Angeles J,

(Distance in miles)
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Solution (contd...)

We approximate the directional derivative D, T by the average rate of
change of the temperature between the points where this line intersects
the isothermals T =50 and T = 60.

The temperature at the point southeast of Reno is T = 60°F and the
temperature at the point northwest of Reno is T = 50°F.

The distance between these points looks to be about 75 miles. So the rate
of change of the temperature in the southeasterly direction is

00-50 10 0.13°F /mi.

D, T~ =
75 75
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Old Questions

The directional derivative of the function f(x,y,z) = 3xy + z? at the
point Py(1,—2,2) in the direction from the point Py towards the origin is

()

Al OWW D>

S N oS

4
Correct Answer : 3
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Old Questions

Which of the following statements is/are false?

Select one or more
A
If f has zero change at (xa, ¥p) in the direction of u, then w is arthagonal to (V )z,

B.
If f is differentiable at (xp, 3y ), then derivative of f exists at (xy. yo) in any direction

[

The directional derivative of f at (xo. ¥) in the direction of unit vector u is (V )i, ., * U

D.
IV .y, 15 the zero vector, then f is not differentiable at (xq, yu).

Your answeer is incorrect
The correct answers are
I (VW f)ix,.x, is the zero vector, then f is not differentiable at (xg. yo ).

The directicnal derivative of £ at (xo, yo) in the direction of unit vector Wis (V /)iy, ) - 0

If f has zero change at (xy. yo) in the direction of u, then u is orthogonal to (V f iy, ,)-
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Old Questions

.2, At the point (1,2), if a function f(z,y) has a derivative of 2 in the direction towards (2,2) and a
derivative of —2 in the direction towards (1,1), then the direction(s) in which f changes rapidly
at (1,2) is/are

i i 7 i
i) — — == b)) —=+—=—= c) ——
(a) NG (b) VA (c) 7

Solution: (b} and {d)

;
+ 5 (d) —

b| .
Sl
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